Abstract. The authors give a short survey of previous results on δ-homogeneous Riemannian manifolds, forming a new proper subclass of geodesic orbit spaces with nonnegative sectional curvature, which properly includes the class of all normal homogeneous Riemannian manifolds. As a continuation and an application of these results, they prove that the family of all compact simply connected indecomposable δ-homogeneous Riemannian manifolds with positive Euler characteristic, which are not normal homogeneous, consists exactly of all generalized flag manifolds Sp(l)/U (1) · Sp(l − 1) = CP 2l−1 , l ≥ 2, supplied with invariant Riemannian metrics of positive sectional curvature with the pinching constants (the ratio of the minimal sectional curvature to the maximal one) in the open interval (1/16, 1/4). This implies very unusual geometric properties of the adjoint representation of Sp(l), l ≥ 2. Some unsolved questions are suggested.
Introduction
In this paper we finish the classification of compact simply connected indecomposable δ-homogeneous, but not normal homogeneous, Riemannian manifolds with positive Euler characteristic (see the previous papers [15] , [6] , [7] , [8] , [9] ). Thus it is appropriate to give in this introduction a short informal survey of results obtained for δ-homogeneous spaces and indicate some unsolved questions.
Let us begin with a short description of well-known classes of Riemannian homogeneous manifolds closely related to the object of this paper.
The Riemannian symmetric spaces introduced and classified by E. Cartan in [19] are the best-studied. The Riemannian symmetric spaces form a proper subclass in the class of naturally reductive homogeneous Riemannian manifolds defined by K. Nomizu [24] , and in the class of weakly symmetric Riemannian manifolds introduced by A. Selberg [31] . Any Riemannian symmetric space of nonnegative sectional curvature is a normal homogeneous Riemannian manifold in sense of M. Berger [16] . Any normal homogeneous Riemannian manifold is naturally reductive. Finally, all Riemannian manifolds listed above are geodesic orbit (g.o.) spaces. The latter spaces have been defined and studied at the first time by O. Kowalski and L. Vanhecke in the paper [26] . The assertion that weakly symmetric Riemannian manifolds are g.o. spaces have been proved in the paper [17] . A. Selberg proved in [31] that any weakly symmetric space is a commutative space. It follows from [3] , that in the compact case, any commutative space is weakly symmetric. On the other hand, this is not true in general [27] . It is interesting that a smooth connected Riemannian manifold is homogeneous if the isometrically invariant differential operators on the manifold form a commutative algebra [28] .
A Riemannian manifold (M, µ) is symmetric if for any its point x there is an isometry f of (M, µ) such that f (γ(t)) = γ(−t) for all (arc-length parameterized) geodesics γ(t), t ∈ R, with γ(0) = x. A manifold (M, µ) is weakly symmetric if for any geodesic γ(t), t ∈ R, there is an isometry f such that f (γ(t)) = γ(−t) (for all t ∈ R). (M, µ) is commutative if it admits a transitive isometry Lie group G such that the algebra of G-invariant differential operators is commutative (see also [36] ). (M, µ) is normal homogeneous (respectively naturally reductive homogeneous) if there is a transitive isometry Lie group of (M, µ) with the stabilizer subgroup H ⊂ G at some point x ∈ M and a bi-invariant (non-degenerate) Riemannian (respectively, semi-Riemannian) metric tensor ν on G such that the natural projection p : (G, ν) → (M = G/H, µ) is a (semi-)Riemannian submersion [21] . The latter means that for any element g ∈ G, the differential dp(g) maps isometrically (ker dp(g)) ⊥ onto the tangent Euclidean space (M p(g) , µ(p(g))). If this condition is satisfied for a particular Lie group G, we say also that (M = G/H, µ) is G-normal homogeneous (respectively, G-naturally reductive). A Riemannian manifold (M, µ) is geodesic orbit (g.o.) if any its geodesic is an orbit of some one-parameter group of isometries. All the Riemannian manifolds above are homogeneous.
In this paper we study δ-homogeneous Riemannian manifolds, which can be considered as a nearest metric generalization of normal homogeneous spaces. Let us remark at first that, as a corollary of results in [5] , the above projection p is a Riemannian submersion if and only if it is a submetry. This means that, with respect to the corresponding induced inner metrics ρ G and ρ M , p maps any closed ball B ρG (g, r), r ≥ 0, g ∈ G, onto the closed ball B ρM (p(g), r). Now we shall get a definition of a δ-homogeneous Riemannian manifold (M, µ) if in the above definition of a normal homogeneous manifold we change the metric tensor ν to an inner metric ρ G , not necessarily induced by the metric tensor ν, and the condition for p to be a Riemannian submersion to the condition to be a submetry. If this condition is satisfied for a particular Lie group G, we say also that (M = G/H, µ) is G-δ-homogeneous. This discussion implies that every normal homogeneous Riemannian manifold is δ-homogeneous.
Note that any bi-invariant inner metric ρ G on a Lie group G is Finsler, i.e. it is induced by a Ad(G)-invariant norm ||·|| on the Lie algebra g of G [4] . In fact, for the main, compact case, in the above definition of δ-homogeneity, one can take as G the connected unit component in the full isometry group I(M ) of (M, µ), and as ρ G the inner metric on G, induced by the bi-invariant metric d(g, h) = max x∈M ρ M (g(x), h(x)). Then g is naturally identified with the Lie algebra of Killing vector fields on (M, µ), and the corresponding norm || · || will be the Chebyshev norm: ||X|| = max x∈M µ(X(x), X(x)) [6, 8] . The Chebyshev norm is the minimal norm among all (Ad(G)-invariant) norms on g, satisfying the above definition of the δ-homogeneity [8] .
In fact, the above mentioned projection p is a submetry if and only if its tangent linear map dp(e) : (g, || · ||) → (M p(e) , µ(p(e))) of normed vector spaces is a submetry. In turn, the last map is a submetry if and only if for every vector v ∈ M p(e) there is an element X ∈ g such that X(p(e)) = v and ||X|| = µ(X(p(e)), X(p(e))) (this can be considered as a second definition of the δ-homogeneity). We refer to such vector field X as a δ-vector. It necessarily possess the property that its integral path through the point p(e) is a geodesic in (M, µ), or in generally accepted terminology, it is a geodesic (g.o.) vector. This implies that every δ-homogeneous Riemannian manifold is g.o. Also, this permits to apply the known properties of g.o.-vectors to study δ-vectors. Another simple but very useful fact is that for every compact homogeneous Riemannian manifold (M, µ), not necessarily δ-homogeneous, the Ad(G)-orbit of any element in g contains at least one δ-vector. Then, if G is a matrix Lie group, hence g is a matrix Lie algebra, one can use the property that all elements of an Ad(G)-orbit have one and the same characteristic polynomial. All the last three properties are really used in the last section of [6] and Sections 3 and 4 of this paper and give a very efficient method of the study.
Indeed, we can give a much simpler definition of δ-homogeneity, which may be applied to an arbitrary metric space: a metric space (M, ρ M ) is δ-homogeneous if for any two points x and y from M , there exists an isometry f of the space M onto itself which moves x to y and has the maximal displacement at the point x (this means that f (x) = y and ρ M (x, f (x)) ≥ ρ M (z, f (z)) for all points z ∈ M ) [15] . The equivalence of the above three definitions of the δ-homogeneity for a Riemannian manifold (M, µ) with the induced inner metric ρ M is proved in [6] . Changing in the latter (metric) definition of the δ-homogeneity
, we get a definition of a Clifford-Wolf homogeneous metric space, [15, 10, 11] .
Using the third, metric, definition of δ-homogeneity, and methods of metric geometry, the authors of [15] proved that every locally compact δ-homogeneous inner (length) metric space with Aleksandrov curvature bounded below has nonnegative Aleksandrov curvature. Such space is Riemannian δ-homogeneous manifold if and only if it is finite-dimensional. Thus, as a corollary, we get that every δ-homogeneous Riemannian manifold has nonnegative sectional curvature. The last statement can be proved also by methods of Riemannian geometry. Namely, to get this proof, one can simply combine the second definition of δ-homogeneous Riemannian manifold and Theorem 1 in [13] , which implies that µ(R(X(x), u)u, X(x)) ≥ 0 for every nontrivial Killing vector field X on a Riemannian manifold (M, µ), attaining its maximal length at a point x, and every vector u ∈ M x . Now we state the main old and new results about δ-homogeneous (particularly, CliffordWolf homogeneous) Riemannian manifolds.
When we started to study δ-homogeneous manifolds, having in mind the above mentioned minimal property of the Chebyshev norm || · ||, we tried to prove the converse statement by showing that for a δ-homogeneous Riemannian manifold (G/H, µ), the map p : (G, ν) → (G/H, µ) is a Riemannian submersion for a bi-invariant Rimennian metric ν, whose unit closed ball at (G e = g, ν(e)) is the Loewner-John ellipsoid for unit closed ball B at (g, || · ||), i.e. the (unique) ellipsoid of maximal volume, inscribed into B. But the last assertion has turned out to be false even for such normal homogeneous Riemannian manifolds as spheres with non-constant positive sectional curvature [8] .
Let us indicate some general properties of δ-homogeneous Riemannian manifold, which have been discussed in [7, 9] and proven in [6] . Any such manifold has nonnegative sectional curvature and is a direct metric product of an Euclidean space and compact indecomposable δ-homogeneous Riemannian manifolds (with possible omission of the mentioned factors). Conversely, any direct metric product of δ-homogeneous Riemannian manifolds is δ-homogeneous. Any locally isometric (particularly, universal) covering of every δ-homogeneous Riemannian manifold is itself δ-homogeneous. All these assertions are true also for Clifford-Wolf (CW-) homogeneous Riemannian manifolds. It follows from these results that the study of δ-or CW-homogeneous spaces mainly (even not entirely) reduces to the case of indecomposable compact simply connected manifolds.
The main result of the papers [6, 7] (which will be discussed in more details later) is that the δ-homogeneous Riemannian manifolds form a new subclass of g.o. Riemannian manifolds, which contains the class of all normal homogeneous Riemannian manifolds, but does not coincide with it. At the same time, the classes of homogeneous spaces G/H (with compact subgroup H) admitting invariant Riemannian metrics of any type: normal homogeneous, δ-homogeneous, or metrics with nonnegative sectional curvature, are all coincide [7] . The Riemannian space of any of these three types admits a transitive Lie group with compact Lie algebra, but the full isometry group has compact Lie algebra only if the Euclidean factor has dimension no more than one. Any space G/H such that the Lie algebra of G is compact, admits an invariant normal homogeneous metric, hence the metrics of other two types.
Another, very important result, which will be applied in this paper, states that any closed totally geodesic submanifold of a δ-homogeneous (respectively, g.o.) Riemannian manifold is itself δ-homogeneous (respectively, g.o.) [6] .
A simply connected (connected) Riemannian manifold is CW-homogeneous if and only if it is isometric to a direct metric product of an Euclidean space, odd-dimensional spheres of constant sectional curvature, and simply connected simple compact Lie groups with biinvariant Riemannian metrics (some of the factors may be missing) [10, 11] . As a corollary, it is always symmetric and normal homogeneous. Notice that as a main tool in the proof of this result were nontrivial Killing vector fields of constant length, which have been studied also in [12, 13, 14] . Any geodesic in CW-homogeneous Riemannian manifold is the integral path of some nontrivial Killing vector field of constant length [10, 11] . Thus, in the compact case, such manifold has zero Euler characteristic.
Special attention has been and will be paid to the case of compact simply connected δ-homogeneous Riemannian manifolds with positive Euler characteristic. By the B. Kostant and Hopf-Samelson theorems [29] , in more general, homogeneous case, every such manifold is effective homogeneous space M = G/H of a semisimple compact Lie group G, and each maximal torus of the subgroup H is a maximal torus of the group G, see [29] . We proved that M = G/H with an invariant naturally reductive metric is normal homogeneous, and thus is δ-homogeneous [9] . If M is also indecomposable, then the Lie group G is simple [25] . One can find a complete classification of such spaces in [35] .
Using the existence of such classification and some results of A.L. Onishchik [29] about full isometry groups of compact homogeneous Riemannian manifolds, the authors started a systematic search of all possible candidates for compact simply connected indecomposable δ-homogeneous Riemannian manifolds with positive Euler characteristic, which are not normal homogeneous (really conjecturing at the same time that there are no such spaces).
The exclusion process in this search has had several stages. At first all compact simple Lie groups whose roots have one and the same length (as full connected Lie groups of motions for mentioned possible candidates) have been excluded, then all compact simple exceptional Lie groups, and many homogeneous spaces of Lie groups SO(2l + 1) and Sp(l). These exclusions have been made after rather extensive and hard infinitesimal calculations on Lie algebras and work with root systems and root decompositions. We finished the paper [6] by the list of possible candidates, consisting only from the generalized flag manifolds SO(2l + 1)/U (l) and
Both families have many common properties. They start with the same space
, admit a two-parametric family of invariant Riemannian matrics, all these metrics are g.o. and weakly symmetric, and mainly are not normal [38, 32, 2] . Supplied with these metrics, the spaces from both these families are total spaces of Riemannian submersions, hence (nontrivial) fiber bundles, with irreducible symmetric Riemannian spaces with positive Euler characteristic as bases and (totally geodesic) fibers, SO(2l + 1)/SO(2l) = S 2l and SO(2l)/U (l) respectively for the first family and Sp(l)/Sp(1) · Sp(l − 1) = HP l−1 and Sp(1)/U (1) = S 2 for the second family. The bases in all cases are two-point homogeneous. Note that the space SO(2l)/U (l) is usually treated as the set of complex structures on R 2l or the set of the metric-compatible fibrations [18] , but one can easily deduce from results in [11] that it can be interpreted also as a connected component of the set of all unit Killing vector fields on the round sphere S 2l−1 . Also in [6] it have been stated the same a priori constraints for parameters of spaces as possible invariant Riemannian δ-homogeneous, but not normal metrics, namely exactly strongly between the parameters of two distinct families of normal metrics. Finally, at the end of the paper [6] the authors proved that a unique common member of these two families, SO(5)/U (2) = Sp(2)/U (1) · Sp(1) = CP 3 , supplied with Riemannian invariant metrics with the mentioned a priori parameters, is actually a δ-homogeneous, but not normal homogeneous manifold. A quite different proof of this fact is given also in [8] . All these metrics have positive sectional curvature, and using the paper [34] , they can be characterized by the property, that their pinching constants lie in the open interval (1/2 4 , 1/2 2 ). The pinching constant 1/2 2 corresponds to the famous Fubini-Studi metric on CP 3 and metrics, which are homothetic to it. All other normal homogeneous Riemannian metrics on CP 3 have the pinching constant 1/2 4 . Notice that historically, SO(5)/U (2) = Sp(2)/U (1)·Sp(1) = CP 3 was the first example of a compact non-naturally reductive homogeneous space admitting invariant g.o. Riemannian metrics [26] . Maybe it is appropriate to notice that the underlying manifold CP 3 of the above homogeneous space is the Penrose twistor space [30] , which can be interpreted, for example, as the space of all compatible complex structures on the round 4-dimensional sphere [18] . Remark 1. Nevertheless, there is one known essential distinction between the families SO(2l + 1)/U (l), l ≥ 3, and Sp(l)/U (1) · Sp(l − 1) = CP 2l−1 , l ≥ 2: the spaces of the first family admit no invariant Riemannian metrics of (strongly) positive sectional curvature, while all the spaces from the second family admit such metrics.
Because of all these common properties, it was quite natural to conjecture that all other spaces from both families admit invariant δ-homogeneous but not normal homogeneous Riemannian metric. Surprisingly enough, it turns out, that with respect to this property, they behave itself quite differently. In this paper we shall exclude all the spaces SO(2l + 1)/U (l), l ≥ 3, from the above mentioned list (Section 3), and quite opposite to this, we will prove that all the spaces Sp(l)/U (1) · Sp(l − 1) = CP 2l−1 for l ≥ 2, supplied with invariant Riemannian metrics with the pinching constants in the open interval (1/2 4 , 1/2 2 ), are δ-homogeneous but not normal homogeneous (Section 4).
Remark 2. The last result implies the existence of the following unusual geometric situation: for every l ≥ 2 there are an irreducible orthogonal representation r : Sp(l) → SO(l(2l + 1)) (actually, the adjoint representation Ad of Sp(l)) in Euclidean space E l(2l+1) and a convex body D bounded by an ellipsoid (not a ball!) in
. As a corollary of this, such B cannot be bounded by an ellipsoid in E l(2l+1) (cf. Remark 2 in [6] for the case l = 2).
One can find more precise statements of main results of this paper in the next section. It is worth to note that the above mentioned method of g.o.-vectors (in particular, δ-vectors) and characteristic polynomials, which the authors actively apply in the last section of [6] and Sections 3 and 4 in this paper, requires hard calculations, especially calculations of characteristic polynomials of seventh degree in Section 3.
The authors don't know the answers to the following questions.
Question 1. Does there exist a compact simply connected indecomposable δ-homogeneous but not normal homogeneous Riemannian manifold with zero Euler characteristic?
Remark 3. There are many decomposable Riemannian manifolds of this kind. One can take for example the direct metric product of SO(5)/U (2), supplied with an invariant Riemannian metric with the pinching constant in (1/2 4 , 1/2 2 ), and the round 3-dimensional sphere.
Question 2. Is it true that every compact simply connected indecomposable δ-homogeneous Riemannian manifold is either normal homogeneous, or weakly symmetric?
Remark 4. In the decomposable case the answer to this question is negative.
D.V. Alekseevsky and J.A. Wolf suggested to the authors the following question. 
Preliminaries
Here we collect the most important results from [6] , some general information which we shall need in Sections 3, 4, and formulate precisely the main results of this paper. Now we shall describe a situation, common for both Sections 3 and 4. Let G be a compact connected Lie group, H ⊂ K ⊂ G its closed subgroups. Fix some Ad(G)-invariant inner product ·, · on the Lie algebra g of the group G (recall that there is an unique, up to multiplying by a constant, such inner product for the case of simple Lie group G). Consider the following ·, · -orthogonal decomposition
is the Lie algebra of the group K. Obviously, [p 2 , p 1 ] ⊂ p 1 . Let µ = µ x1,x2 be a G-invariant Riemannian metric on G/H, generated by the inner product of the form
on p for positive real numbers x 1 and x 2 . For any vector V ∈ g we denote by V h and V p its ·, · -orthogonal projection to h and p respectively.
Recall, that the vector W ∈ g is a δ-vector on (G/H, µ) if and only if
for every a ∈ G (see Section 6 in [6] ).
Proposition 2 ([6]).
A homogeneous Riemannian manifold (G/H, µ) with connected Lie group G is G-δ-homogeneous if and only if for every vector v ∈ p there exists a vector u ∈ h such that the vector v + u is a δ-vector.
Proposition 3 ( [33, 6] ). Let W = X + Y + Z be a geodesic vector on (G/H, µ x1,x2 ), where
In Section 3, we consider the case (G/H, µ = µ x1,x2 ), where G = SO(2l + 1), H = U (l), K = SO(2l), l ≥ 3, with the embeddings U (l) ⊂ SO(2l) ⊂ SO(2l + 1), described below, and µ = µ x1,x2 defined by the inner product (2.1).
For A, B ∈ so(2l + 1) we define A, B = −1/2 trace(A · B). This is an Ad(SO(2l + 1))-invariant inner product on so(2l + 1). A matrix A + √ −1B ∈ u(l) we embed into so(2l) via
in order to get the irreducible symmetric pair (so(2l), u(l)) (see e.g. [22] ). Also we use the standard embedding so(2l) into so(2l + 1): A → diag(A, 0). The inclusions u(l) ⊂ so(2l) ⊂ so(2l + 1), constructed above, induce the corresponding inclusions of connected matrix Lie groups τ l : U (l) → SO(2l) and τ Let H be the field of quaternions. Denote by i, j, k the quaternionic units in
is is a group of R-linear operators A :
If we choose some (·, ·) 1 -orthonormal quaternionic basis in H l , then we can identify Sp(l) with a group of matrices A = (a ij ), a ij ∈ H with the property A −1 = A * , where a * ij = a ji for 1 ≤ i, j ≤ l. In this case sp(l) consists of (l × l)-quaternionic matrices A with the property A * = −A. Later on we shall use this identifications.
For A, B ∈ sp(l) we define
It is easy to see that ·, · is a Ad(Sp(l))-invariant inner product on the Lie algebra g = sp(l). In the sequel we shall suppose (without loss of generality) that the embedding of sp(1)⊕sp(l−1) in sp(l) is defined by (A, B) → diag(A, B), where A ∈ sp(1) and B ∈ sp(l−1). It is clear that the modulus p 1 and p 2 are Ad(Sp(l))-invariant and Ad(Sp(l))-irreducible. We know that every invariant Riemannian metric µ = µ x1,x2 on Sp(l)/U (1) · Sp(l − 1), corresponding to the inner product (2.1), is a g.o.-metric [38] .
One of the main results of the paper [6] is the following
Theorem 2 ([6]). No one of compact simply connected (connected) indecomposable homogeneous Riemannian manifolds with positive Euler characteristic, excepting (SO(5)/U (2) =
, where l ≥ 3 and x 1 < x 2 < 2x 1 in all the cases above, cannot be δ-homogeneous but not normal homogeneous Riemannian manifold.
The main result of Section 3 is the following
Theorem 3. The Riemannian manifold (SO(2l + 1)/U (l), µ = µ x1,x2 ), where l ≥ 3, is not δ-homogeneous if x 1 < x 2 < 2x 1 .
Proposition 4 ([29]). The full connected isometry group of
(Sp(l)/U (1) · Sp(l − 1), µ) is Sp(l)/{±I}, excepting the case x 2 = 2x 1 ,
where the full connected isometry group is a factor-group of SU (2l) by its center, and the metric µ is SU (2l)-normal (in the last case (Sp(l)/U (1)·Sp(l−1), µ) is isometric to the complex projective space CP
The main result of Section 4 is the following Theorem 4. The Riemannian manifold (Sp(l)/U (1)·Sp(l−1), µ = µ x1,x2 ) is δ-homogeneous if and only if x 1 ≤ x 2 ≤ 2x 1 . For x 2 = x 1 it is Sp(l)-normal homogeneous; for x 2 = 2x 1 it is SU (2l)-normal homogeneous; for x 2 ∈ (x 1 , 2x 1 ) it is not normal homogeneous with respect to any its isometry group.
The spaces SO(2l
At first we will show that the Riemannian manifold (SO(7)/U (3), µ = µ x1,x2 ), x 1 < x 2 < 2x 1 , is not δ-homogeneous.
Using the above notation, we have in this particular case
Note that for vectors X from p 1 as above we have X, X = s , and for vectors Y ∈ p 2 we have Y, Y = 2l 2 + 2m 2 + 2n 2 + 2p 2 + 2q 2 + 2r 2 . Let E i,j be a (7 × 7)-matrix, whose (i, j)-th entry is equal to 1, and all other entries are zero. For any 1 ≤ i < j ≤ 7, we put F i,j = E i,j − E j,i .
Proposition 5. The Riemannian manifold
For W ∈ so(7), we denote by O(W ) the orbit of W under the action of Ad(SO (7)), i.e.
O(W ) = {V ∈ so(7) | ∃Q ∈ SO(7), V = QW Q −1 }.
Proof. Since W is geodesic vector, then from Proposition 3 we get [
are linearly independent in p 2 , and the vectors F i,7 , 2 ≤ i ≤ 6, are linearly independent in p 1 .
x1 q and h = x2−x1 x1 r. The lemma is proved.
Remark 6. Note, that in the paper [20] , the structure of all geodesic vectors on (SO(7)/U (3), µ) is studied.
Lemma 2.
If the Riemannian manifold (SO(7)/U (3), µ), x 1 < x 2 < 2x 1 , is SO(7)-δ-homogeneous then for every s 1 = 0, q = 0, r = 0 the vector
is δ-vector on (SO(7)/U (3), µ).
Proof. If (SO(7)/U (3), µ) is SO(7)-δ-homogeneous, then for every vector of the form
In particular, such W should be a geodesic vector. According to Lemma 1, we get that
Therefore, this W is a δ-vector.
Lemma 3. Let A, B ∈ so(7). Then A, B are in the same orbit of Ad(SO (7)) if and only if their characteristic polynomials coincide.
Proof. It is obvious that if A and B are in the same orbit of Ad(SO (7)), then their characteristic polynomials coincide.
Suppose, that characteristic polynomials of A and B are coincide. The standard Weyl chamber of the Lie algebra so (7) is the following (see [18] ):
If A and B are conjugate to distinct elements of the Weyl chamber, then, as it is easy to see, their characteristic polynomials are distinct. Hence, A and B are conjugate to one and the same element of the Weyl chamber. This implies that A and B are in one and the same orbit of Ad(SO (7)). The lemma is proved.
In what follows we need the value λ = x2 x1 . Now we consider the following two geodesic vectors W and W (see Lemma 1):
where
.
Lemma 4.
The vector W (see (3.5) ) is not a δ−vector on (SO(7)/U (3), µ) for
Proof. Direct calculations show that the characteristic polynomials P (z) and P (z) of the matrices W and W (see (3.6) ) are the following:
Now, we shall show that P (z) = P (z) and (
It is easy to check that
The equality P (z) = P (z) is equivalent to the following system of equations:
It is easy to verify, that system (3.7) is fulfilled for the considered a, b, c, a, b, c. Therefore,
is equivalent to the following one: a + 2λb < a + 2λ b. It is easy to see, that
. Consequently, the vector W is not a δ-vector, because otherwise the inequality
must hold (see the formula (2.2) for δ-vectors above). The lemma is proved. Now, it suffices to note that the proof of Proposition 5 follows from Lemma 2 and Lemma 4.
For 1 ≤ m < l, we define the embedding σ m,l : SO(2m + 1) × SO(2k) → SO(2l + 1), where k = l − m. This embedding is completely determined by the embedding dσ m,l : so(2m + 1) ⊕ so(2k) → so(2l + 1) for the corresponding Lie algebras. Note that so(2m + 1) consists of matrices of the following type
where V and W are skew-symmetric (m × m)-matrices, U is an arbitrary (m × m)-matrix, E and F are arbitrary (m × 1)-matrices. The Lie algebra so(k) consists of matrices of the following form
where A and C are skew-symmetric (k × k)-matrices and B is an arbitrary (k × k)-matrix, Now we define dσ m,l as follows
where O's denote zero matrices. Note, that for the considered embeddings we have
Now we suppose that l ≥ 3 and 1 < m < l. Let us consider
and
Lemma 5. The orbit of the group G through the pointē = eH in (G/H, µ = µ x1,x2 ), that is G/ H, supplied with the induced Riemannian metric η, is a totally geodesic submanifold of (G/H, µ = µ x1,x2 ). Moreover, the map (SO(2m + 1)/U (m), µ x1,x2 ) → ( G/ H, η) is an isometry.
Proof.
For this goal let us consider T , a maximal (k-dimensional) torus in σ m,l Id ×τ k (U (k)) . Note, that T is also a maximal torus in σ m,l Id ×SO(2k) and T ⊂ H.
Let C be the centralizer of T in SO(2l + 1). It is easy to see that C = T · G. By Proposition 1, the orbit of C through the point eH ∈ G/H is a totally geodesic submanifold of (G/H, µ = µ x1,x2 )) with the induced Riemannian metric η. But T ⊂ H and, consequently, this orbit coincides with the space G/ H. The inclusions (3.8), (3.9) , and (3.10) imply that the map (SO(2m + 1)/U (m), µ x1,x2 ) → ( G/ H, η) is an isometry.
Proof of Theorem 3.
The case l = 3 has been concidered in Proposition 5. Let us suppose that l ≥ 4 and (SO(2l + 1)/U (l), µ = µ x1,x2 ), where x 1 < x 2 < 2x 1 , is δ-homogeneous. Then by Lemma 5, (SO(7)/U (3), µ = µ x1,x2 ) is a totally geodesic submanifold of the δ-homogeneous manifold (SO(2l + 1)/U (l), µ = µ x1,x2 ), and by Theorem 1, it must be δ-homogeneous itself. We get a contradiction with Proposition 5.
The spaces
Let us consider a Lie subalgebra g in g = sp(l) of the form
Let G = Sp(2) be a connected (closed) subgroup of G = Sp(l) corresponding to g, and H = G ∩ H.
Lemma 6. The orbit of the group G through the pointē = eH in (G/H, µ = µ x1,x2 ), that is G/ H, is totally geodesic submanifold.
Proof. Let us consider a torus T = diag(1, 1, S 1 , . . . , S l−2 ) ⊂ Sp(l), where S i is a circle subgroup. It is easy to see that T ⊂ H and G × T is a connected component (of the unit) of the centralizer of T . It follows from Proposition 1, that the orbit of this subgroup trough the point eH is a totally geodesic submanifold in (G/H, µ). But this orbit coincides with G/ H.
It is clear that H = U (1) × Sp (1), where U (1) × Sp(1) ⊂ Sp(1) × Sp(1) ⊂ Sp(2) = G. Therefore we have the following ·, · -orthogonal decomposition for corresponded Lie algebras:
Recall that U (1) acts on p 2 and p 1 by rotations. Hence we can find a 1 ∈ U (1) such that Ad(a 1 )(Z 2 ) = dY for some nonnegative d. Further, recall that
. Moreover, such a 2 can be chosen from Sp(l − 1), since already Sp(l − 1) acts transitively on the unit sphere in HP l−1 (see e.g. [38] ). Therefore, one can choose a = a 2 ·a 1 .
We write E ij for the skew-symmetric matrix with 1 in the ij-th entry and −1 in the ji-th entry, and zeros elsewhere. We denote by F ij the symmetric matrix with 1 in both the ij-th and ji-th entries, and zeros elsewhere. Denote also by G i the matrix with √ 2 in ii-th entry, and zeros elsewhere.
It is easy to check that the matrices of the forms iG i , jG i , kG i , E ij , iF ij , jF ij , kF ij , where 1 ≤ i, j ≤ n and i < j, form a ·, · -orthonormal (see (2.4)) basis in sp(l).
Without loss of generality we may suppose that the Lie subalgebra u(1) (h = u(1)⊕sp(l − 1)) is spanned on the vector iG 1 . It is clear that E 12 ∈ p 
is a δ-vector on (G/H, µ), then the Riemannian manifolds (G/H, µ) is G-δ-homogeneous.
Proof. We recall that a δ-vector W ∈ g is characterized by the equation (2.2), and (G/H, µ) is δ-homogeneous if any vector from p can be represented as W | p for some δ-vector W ∈ g (see Proposition 2). Evidently, (Ad(h)(W )| p , Ad(h)(W )| p ) = (W | p , W | p ) for all W ∈ g and h ∈ H. This fact, together with Lemma 7, implies the Proposition.
Proposition 7. Suppose that
is not a δ-vector on (G/H, µ). Then there is a vector W in the Ad(G)-orbit of W , which has one of the following forms:
2)
3)
In the formulas above α, α q ∈ R, c, d ≥ 0.
Proof. If W is not a δ-vector, then
Consider some W from the Ad(G)-orbit of W , which gives the maximal value M in the above formula, then W is a δ-vector on (G/H, µ). Using Lemma 7, we may assume that W p = X + Y , where X = cE 12 and Y = djG 1 for same nonnegative c and d. Consider now
It is well-known that if we interpret any element U ∈ g as a right-invariant vector field on G, then X = dπ(U ), where π : G → G/H is the natural projection, correctly defines a Killing vector field on (G/H, µ). Under this U is a δ-vector if and only if X attains the maximal value of its length at the initial point eH ∈ G/H [6] . Since G/ H is totally geodesic submanifold of (G/H, µ) by Lemma 6, the proof of Theorem 1 (Theorem 11 in [6] ) implies that the tangent to G/ H component of such field X is a Killing vector field on G/ H, which also attain the maximal value of its length at the initial point e H ∈ G/ H. This consideration implies that X + Y + Z 1 is a δ-vector on G/ H. Therefore, we have for In the first case we have X = 0. Since W h ∈ sp(l − 1) by the case 1) in Lemma 8, and Y commutes with sp(l − 1), we can move W h by some Ad(b), b ∈ Sp(l − 1), to a given Cartan subalgebra of sp(l − 1), not changing Y . The vectors iG q , 2 ≤ q ≤ l generate such subalgebra. Then we have the item 1) of Lemma. If c = 0, then X = 0, Z 3 = 0 (see above), Z 2 ∈ sp(l − 2). Since W p commutes with sp(l − 2) we can move Z 2 by some Ad(b), b ∈ Sp(l − 2), to a given Cartan subalgebra of sp(l − 2). The vectors iG q , 3 ≤ q ≤ l generate such subalgebra. Thus we get 2) or 3) in Lemma depending on whether d = 0 or not.
Later on we shall need the embedding π : Sp(l) → SU (2l), which is defined by A + jB → A −B B A and the corresponding embedding dπ : sp(l) → su(2l), acted by
It is easy to check the following formulas:
dπ(E ij ) = E ij + E l+i,l+j , dπ(iF ij ) = iF i,j − iF l+i,l+j , dπ(jF ij ) = E l+i,j − E i,l+j , dπ(kF ij ) = −iF l+i,j − iF i,l+j , dπ(iG i ) = iG i − iG l+i , dπ(jG i ) = − √ 2E i,l+i , dπ(kG i ) = − √ 2iF i,l+i .
For any W ∈ sp(l) we denote by Pol(W ) the characteristic polynomial of the matrix dπ(W ). It easy to get the following 
is a δ-vector on (G/H, µ = µ x1,x2 ).
Proof. Suppose that the vector W = cE 12 + djG 1 − x2−x1 x1 djG 2 is not a δ-vector. Then according to Proposition 7 there is a vector W in the Ad(G)-orbit of W , which has one of the following forms: Consider the above three cases separately.
Remark 7. The Riemannian manifolds (Sp(l)/U (1) · Sp(l − 1), µ = µ x1,x2 ), l ≥ 2, have positive sectional curvatures and their (exact) pinching constant is ε = ( x2 4x1 ) 2 if 0 < x 2 ≤ 2x 1 . For all other values of x 1 , x 2 this statement is not true and sectional curvature is not necessarily nonnegative [34] .
